Abstract. Let A be a regular category with pushouts of regular epimorphisms by regular epimorphism and Reg(A) the category of regular epimorphisms in A. We prove that every regular epimorphism in Reg(A) is an effective descent morphism if, and only if, Reg(A) is a regular category. Then, moreover, every regular epimorphism in A is an effective descent morphism. This is the case, for instance, when A is either exact Goursat, or ideal determined, or is a category of topological Mal'tsev algebras, or is the category of n-fold regular epimorphisms in any of the three previous cases, for any n ≥ 1.
Introduction
A useful way of weakening the notion of Barr exactness, for a regular category, is to require that every regular epimorphism is an effective descent morphism, which assures the effectiveness of a certain class of equivalence relations, rather than of all. This weaker condition turns out to be strong enough for many purposes: indeed, the authors of [14] had good reasons to say that a regular category satisfying this condition is "almost Barr exact"! In the present article, we are interested in the category Reg(A) of regular epimorphisms in a regular category A. This category is usually not exact. For instance, if A is a non-trivial abelian category, then Reg(A) is (equivalent to) the category of short exact sequences in A, which is well known not to be abelian, while it is obviously additive-hence it can not be exact by "Tierney's equation". However, there are many examples of categories A for which every regular epimorphism in Reg(A) is an effective descent morphism. Indeed, this is the case, for instance, for any abelian category and, much more generally, for any exact Goursat category A, as was shown in [14] . It was pointed out in [14] , however, that the exact Goursat condition is most likely too strong, even if A is assumed to be a variety. This is confirmed in the present article. In particular, we show, for a regular category A with pushouts of regular epimorphisms by regular epimorphisms that, in order to have that every regular epimorphism in Reg(A) is an effective descent morphism, it is both necessary and sufficient that also Reg(A) is a regular category. This condition turns out to be satisfied not only in the exact Goursat case, but also when A is ideal determined, or is a category of topological Mal'tsev algebras, or is the category of n-fold regular epimorphisms in any of the three previous cases, for any n ≥ 1. In particular, we find that in each of these cases the category A is itself "almost exact".
Let us begin by recalling the definition of an effective descent morphism-for instance from [15] , but note that the monadic description recalled here goes back Date: March 14, 2012. to Bénabou and Roubaud's article [2] ; for the reformulation in terms of discrete fibrations, see also [16] .
Let A be a category with pullbacks. If B is an object of A, then we write (A ↓ B) for the slice category over B. If p : E −→ B is a morphism in A, we write p * : (A ↓ B) −→ (A ↓ E) for the induced "change of base" functor given by pulling back along p. Definition 1.1. An effective (global) descent morphism in a category with pullbacks A is a morphism p :
Note that a left adjoint for p * : (A ↓ B) −→ (A ↓ E) exists for any morphism p : E −→ B, and is given by composition with p. We denote it Σ p , and write
T p for the corresponding category of (Eilenberg-Moore) algebras, we obtain the following commutative triangle of functors, where U There is an equivalent way of describing the above diagram, via discrete fibrations. Recall that a discrete fibration of equivalence relations in A is a (downward) morphism
of equivalence relations, such that the commutative square involving the second projections (hence, also the square involving the first projections) is a pullback. Let p : E −→ B be a morphism in A. Write Eq(p) for the equivalence relation E × B E / / / / E (i.e. the kernel pair of p) and DiscFib(Eq(p)) for the category of discrete fibrations over Eq(p), with the obvious morphisms. It was proved in [16] (but see also [15] ) that for any p : E −→ B the category of algebras (A ↓ E) T p is equivalent to the category DiscFib(Eq(p)) of discrete fibrations over the kernel pair of p, and the commutative diagram above becomes:
Here K p sends a morphism f : A −→ B to the discrete fibration displayed in the left hand side of the diagram below, obtained by first pulling back f along p, and next taking kernel pairs:
and U p is the obvious forgetful functor. We shall need the following lemma, which can be found, for instance, in [15] . Recall that an equivalence relation in a category is effective if it is the kernel pair of some morphism. A category is regular if it is finitely complete, with pullback-stable regular epimorphisms and coequalisers of effective equivalence relations. It is Barr exact if, moreover, every internal equivalence relation is effective.
(1) In a finitely complete category, a descent morphism is the same as a pullback-stable regular epimorphism.
(2) In a regular category, a regular epimorphism p : E −→ B is an effective descent morphism if and only if for any discrete fibration
over the kernel pair of p, the equivalence relation (π 1 , π 2 ) is effective.
Note that the second part of this lemma immediately implies the well-known fact that in an exact category every regular epimorphism is an effective descent morphism.
Main results
Throughout this section, we shall assume that A is a regular category with pushouts of regular epimorphisms by regular epimorphisms. Then, in particular, every morphism in A factors (essentially uniquely) as a regular epimorphism followed by a monomorphism. Let us denote by Reg(A) the full subcategory of the arrow category A 2 with as objects all regular epimorphisms in A. Thus, a morphism (a :
Like A, the category Reg(A) is finitely complete: limits are given by the regular epi part of the regular epi-mono factorisation of the degreewise pullback. An effective equivalence relation in Reg(A) is the same as a graph
is an effective equivalence relation in A and π 1 and π 2 are jointly monic. A regular epimorphism in Reg(A) is the same as a pushout square of regular epimorphisms in A. Notice that a regular category A admits pushouts of regular epimorphisms by regular epimorphisms if and only if Reg(A) admits coequalisers of effective equivalence relations. By Lemma 1.2.1, any effective descent morphism in Reg(A) is necessarily a regular epimorphism. We would like to know when we have the converse. Certainly, this can only happen if every regular epimorphism in A is an effective descent morphism, since for any regular epimorphism p :
. Moreover, by Lemma 1.2.1, Reg(A) will need to have pullback-stable regular epimorphisms, which means-since it is finitely complete and has coequalisers of effective equivalence relations-that Reg(A) is regular.
Somewhat surprisingly, perhaps, these conditions turn out to be sufficient. Indeed, we have: Theorem 2.1. For a regular category A with pushouts of regular epimorphisms by regular epimorphisms, in which every regular epimorphism is an effective descent morphism, the following conditions are equivalent:
(1) Every regular epimorphism in Reg(A) is an effective descent morphism; (2) Reg(A) is a regular category.
Proof. We only need to prove that 2. implies 1. so let us assume that Reg(A) is regular. To prove that condition 1. holds, it suffices, by Lemma 1.2.2, to show for every discrete fibration of equivalence relations in Reg(A), as in the diagram
that whenever the bottom equivalence relation is effective, the top one is effective as well. First of all recall that the bottom equivalence relation being effective means that (π
is an effective equivalence relation in A and π 1 and π 2 are jointly monic. The cube being a discrete fibration in Reg(A) means that the front square is a discrete fibration in A and, in the back square, π 2 and g are jointly monic.
Since (π
is the kernel pair of an effective descent morphism, by assumption, we have, by Lemma 1.2.2 that (π
is an effective equivalence relation in A, and it remains to be shown that π 1 and π 2 are jointly monic. However, this follows from the assumption that π 2 and g are jointly monic, as well as π 1 and π 2 .
Here's another surprise, or at least it was a surprise to us: the assumption that every regular epimorphism in A is an effective descent morphism is superfluous in the statement of the above theorem-it follows at once from the regularity of Reg(A)! To see this, we will need the following lemma.
Recall that a diagram
Lemma 2.2. Let A be a regular category such that Reg(A) is regular as well. Consider a morphism
of forks in A such that the right hand square as well as the left hand squares are pullbacks. Assume, moreover, that the graph (b 1 , b 2 ) (hence also the graph (e 1 , e 2 )) is reflexive. If b is the coequaliser of b 1 and b 2 , then e is the coequaliser of e 1 and e 2 .
Proof. The given diagram induces a commutative cube
in which the bottom square is a pushout since b is the coequaliser of b 1 and b 2 , and because b 1 and b 2 have a common splitting. Since both front and back squares are pullbacks, and because each of the backward pointing morphisms is a regular epimorphism, the cube is a pullback in Reg(A). As Reg(A) was assumed to be regular, it follows that the top square is a pushout as well, so that e is the coequaliser of e 1 and e 2 , as desired.
Note that although we do not assume that arbitrary coequalisers exist in A, coequalisers in the slice categories (A ↓ B) are always coequalisers in A: indeed, the existence of binary products implies that the "domain" functors (A ↓ B) −→ A have a right adjoint. The previous lemma is then easily seen to imply, for any morphism p : E −→ B, that the "change of base" functor p (1) Every regular epimorphism in Reg(A) is an effective descent morphism; (2) Reg(A) is a regular category.
Examples
The results of the previous section suggest to investigate which regular categories A have the property that Reg(A) is regular. We have the following examples: 3.1. Exact Goursat categories. Recall from [6, Theorem 6.8] that a regular category is Goursat if and only if for every (downward) morphism
/ / E of relations in A with r and e regular epimorphisms, (π 1 , π 2 ) is an equivalence relation as soon as so is (π
. In universal algebra, Goursat varieties are usually called 3-permutable varieties, as they are characterised by the property RSR = SRS for every two congruences R and S on any algebra A. Exact Goursat categories are easily seen to admit pushouts of regular epimorphisms by regular epimorphisms. Moreover, given the latter property, an exact category is Goursat if and only if it satisfies the following condition:
(G) For any morphism
of exact forks (which means that both rows consist of a regular epimorphism together with its kernel pair) with, moreover, e and b regular epimorphisms, one has that the right hand square is a pushout if and only if r is a regular epimorphism.
Notice that the "if" part is true in any category. In fact, in order to conclude that the right hand square in the diagram is a pushout it is sufficient that r is an epimorphism.
Thus we have that a commutative square of regular epimorphisms in an exact Goursat category A is a regular epimorphism in Reg(A) if and only if the induced morphism between the kernel pairs is a regular epimorphism. The regularity of Reg(A) is now easily deduced from that of A. Indeed, consider a pullback square
in Reg(A) and assume that the bottom morphism is a regular epimorphism: a pushout of regular epimorphisms in A. By taking kernel pairs we obtain a pullback square (5)
in A in which, by condition (G), the bottom morphism is a regular epimorphism. Hence, since A is a regular category, the top morphism is a regular epimorphism as well, and this implies, again by condition (G), that the top side of the cube (4) is a pushout of regular epimorphisms, as desired. In fact, it is clear that the following weaker condition is sufficient for Reg(A) to be regular: (G − ) For any morphism (3) of exact forks with, moreover, e and b regular epimorphisms, the right hand square is a pushout if and only if r is a pullbackstable epimorphism. Thus we conclude that if A is a regular category with pushouts of regular epimorphisms by regular epimorphisms, which satisfies the above condition (G − ), then Reg(A) is regular as well. Then, by Corollary 2.4, every regular epimorphism in Reg(A) is an effective descent morphism. In particular, we find that this is the case if A is an exact Goursat category, a result which was already obtained in [14] , via a different argument.
Ideal determined categories.
Recall from [13] that a pointed finitely complete and finitely cocomplete regular category is ideal determined if every regular epimorphism is normal (that is, it is the cokernel of its kernel) and if for any commutative square with k and e regular epimorphisms, and κ and κ ′ monomorphisms,
it is the kernel of its cokernel) then κ is normal as well. (Note that a pointed variety is ideal determined if it is ideal determined in the sense of [10] .) This stability condition for normal monomorphisms is easily seen to be equivalent to the following "normalised" version of property (G)-see also [17] : (Id) For any commutative diagram
with (short) exact rows (which means that both rows consist of a regular epimorphism together with its kernel) with, moreover, e and b regular epimorphisms, the right hand square is a pushout if and only if k is a regular epimorphism. As with condition (G), the "if" part holds more generally: it is true in any pointed category in which every regular epimorphism is normal. Also, it is sufficient that k is an epimorphism in order to conclude that the right hand side square in the diagram is a pushout.
Thus we have that a commutative square of regular epimorphisms in an ideal determined category A is a regular epimorphism in Reg(A) if and only if the restriction to the kernels is a regular epimorphism. The arguments from the exact Goursat case are then easily adapted (simply take kernels instead of kernel pairs) in order to deduce the regularity of Reg(A). And again, a weaker condition suffices:
(Id − ) For any commutative diagram (6) with exact rows with, moreover, e and b regular epimorphisms, the right hand square is a pushout if and only if k is a pullback-stable epimorphism. Thus we see that if A is a pointed regular category with pushouts of regular epimorphisms by regular epimorphisms, which satisfies the above condition (Id − ), then Reg(A) is regular as well. Then, by Corollary 2.4, every regular epimorphism in Reg(A) is an effective descent morphism, and the same is true for the regular epimorphisms in A, by Theorem 2.3. In particular, we find that these results hold for an ideal determined category A. Note that for an ideal determined category A already the result that every regular epimorphism in A itself is an effective descent morphism is new, as far as we know. Note also that, in this case, Reg(A) is equivalent to the category of short exact sequences in A, since every regular epimorphism is normal.
Topological Mal'tsev algebras.
Recall that an algebraic theory T is a Mal'tsev theory if it contains a ternary operation p satisfying p(x, y, y) = x and p(x, x, y) = y. The varieties Set T of T-algebras for such theories T are exactly the congruence permutable ones-such that RS = SR for any two congruences R and S on a same T-algebra-and are often called Mal'tsev varieties. Hence, every Mal'tsev variety Set T is Goursat. In particular, by Example 3.1, Reg(Set T ) is a regular category and every regular epimorphism in Reg(Set T ) is an effective descent morphism, for any Mal'tsev theory T. Now, let us replace sets by topological spaces. More precisely, we consider categories Top T of topological T-algebras for Mal'tsev theories T. Contrary to the varieties case, the categories Top T are not Barr exact. However, they are well known to be regular, since regular epimorphisms are open surjections. Using the fact that the forgetful functor Top T −→ Set T preserves both limits and colimits, and reflects epimorphisms, it is then easily deduced from the Goursat condition (G) for Set T that Top T satisfies the weaker condition (G − ), for any Mal'tsev theory T.
Hence, by Example 3.1, for a category of topological Mal'tsev algebras Top T the category Reg(Top T ) is regular, and every regular epimorphism in it is an effective descent morphism.
3.4. n-Fold regular epimorphisms. For a category A, let us put Reg 1 (A) = Reg(A) and define, inductively, for n ≥ 2, the categories of n-fold regular epimorphisms in A by Reg n (A) = Reg(Reg n−1 (A)). In any of the above considered examples, the category Reg n (A) is not only regular for n = 1, but for any n ≥ 1. Indeed, if A is a regular category which admits pushouts of regular epimorphisms by regular epimorphisms and satisfies condition (G − ), then Reg(A) has the same properties: the regularity follows from Example 3.1, pushouts of regular epimorphisms by regular epimorphisms are degreewise pushouts in A, and condition (G − ) follows from the corresponding condition on A. Indeed, for the latter, recall that the "if" part of (G − ) is true in an arbitrary category, and notice that a morphism
in Reg(A) is a pullback-stable epimorphism as soon as p ′ is a pullback-stable epimorphism in A.
Similarly, if A is a regular category in which every regular epimorphism is normal, which admits pushouts of regular epimorphisms by regular epimorphisms and satisfies condition (Id − ), then Reg(A) has the same properties. It follows, in both cases, that the category Reg n (A) is regular for any n ≥ 1. In fact, we have the following, more general, property: which sends a double regular epimorphism (e :
to its domain e. Notice that dom preserves pullbacks. Moreover, dom preserves and reflects regular epimorphisms, as easily follows from the fact that a regular epimorphism in Reg 2 (A) is the same as a commutative cube in A of regular epimorphisms such that each of the sides is a pushout. Hence, the regularity of Reg 2 (A) follows from that of Reg(A).
Combining the above proposition and Corollary 2.4, we find that if A is a regular category such that Reg(A) is regular as well, then we have for any n ≥ 1 that Reg n (A) is regular, and that every regular epimorphism in Reg n (A) is an effective descent morphism.
Remark that when A is an exact Mal'tsev category (A is exact and RS = SR for any two equivalence relations R and S on a same object of A) then by a result in [6] a pushout of regular epimorphisms is the same as a double extension (a notion from "higher dimensional" Galois theory-see, for instance, [11, 9] ): a commutative square (7) of regular epimorphisms, such that the factorisation E ′ −→ E × B B ′ to the pullback is a regular epimorphism as well.
Notice that Proposition 3.1 together with Theorem 2.3 provide an alternative proof for Corollary 2.4.
4. Remarks 4.1. The relations between the various conditions considered above-conditions (G), (G − ), (Id), (Id − ) and the condition that Reg(A) is a regular category-are still to be better understood. However, we do know the following:
-Any of these conditions holds in any semi-abelian category [12] . Hence, we obtain as examples any variety of groups, rings, Lie algebras, and, more generally, any variety of Ω-groups; the variety of loops; the variety of Heyting semi-lattices; any abelian category; . . . .
-There exist ideal determined varieties that are not 3-permutable (see [1] ), hence (Id) does not imply (G). In particular, this means that 3-permutability is not a necessary condition on a variety A in order for every regular epimorphism in Reg(A) to be an effective descent morphism. This answers a question posed in [14] .
-The examples of topological Mal'tsev algebras and of n-fold regular epimorphisms show that the weaker conditions (G − ) and (Id − ) are strictly weaker than (G) and (Id).
Let us also remark that we do not know, at present, any example of a regular category whose category of regular epimorphisms is regular, which does not satisfy either condition (G − ) or (Id − ).
4.2.
As mentioned earlier, Lemma 2.2 precisely says the following, for A a regular category such that Reg(A) is regular as well: For any morphism p : E −→ B in A, the "change of base" functor p * : (A ↓ B) −→ (A ↓ E) preserves coequalisers of reflexive graphs.
Here's another way of reformulating this same property. Recall from [7] that a reflector I : A −→ X into a full subcategory X of a category A is semi-left exact if it preserves any pullback square
of a unit η B along a morphism in X . Clearly, this means that, for every such pullback square, the morphism P −→ X coincides, up to isomorphism, with the unit η P : P −→ I(P ). Note that semi-left exactness is the same as admissibility in the sense of categorical Galois theory (see [8] ). Now, let A be a regular category such that Reg(A) is regular as well, and RG(A) the category of reflexive graphs in A. If we assume, moreover, that A admits coequalisers of reflexive graphs, then Lemma 2.2 can also be reformulated as follows:
The functor π 0 : RG(A) −→ A, which sends a reflexive graph to its coequaliser, is semi-left exact. 
When A has pullbacks of split epimorphisms, any morphism p : E −→ B in A induces a "change of base" functor p * : Pt(B) −→ Pt(E) given by pulling back along p. If, moreover, A admits pushouts of split monomorphisms, then any such p * has a left adjoint (see [5] ). Recall from [3] that A is called protomodular if p * reflects isomorphisms for every morphism p. Now, let A be a regular category such that Reg(A) is regular as well, and assume that A admits coequalisers of reflexive graphs. Then, for any object B of A, coequalisers of reflexive graphs in Pt(B) are necessarily coequalisers in A, and we can use Lemma 2.2 to prove that they are preserved by p * : Pt(B) −→ Pt(E), for every morphism p : E −→ B in A. Hence, using the "reflexive form" of Beck's Monadicity Theorem we find, for any regular protomodular category A with coequalisers of reflexive graphs and pushouts of split monomorphisms such that Reg(A) is regular as well, that the functor p * : Pt(B) −→ Pt(E) is monadic for any morphism p : E −→ B in A. This means, according to [5] , that A is a category with semidirect products.
Let
A be a regular category and Mon(A) the full subcategory of the arrow category A 2 with as objects all monomorphisms in A. Like A, the category Mon(A) is finitely complete: limits in Mon(A) are degreewise limits in A. Colimits, if they exist, are given by the mono part of the regular epi-mono factorisation of the degreewise colimit. A regular epimorphism in Mon(A) is the same as a degreewise regular epimorphism in A. In particular, we have that Mon(A) is a regular category. Now let cod : Mon(A) −→ A be the functor which sends a monomorphism a : A ′ −→ A to its codomain A. Then cod preserves pullbacks, pushouts and regular epi-mono factorisations, and reflects pushouts of regular epimorphisms in the following sense: any commutative square of regular epimorphisms in Mon(A) that is sent to a pushout in A is necessarily a pushout itself. It follows that whenever Reg(A) is regular, Reg(Mon(A)) is regular as well. Hence, categories of monomorphisms provide another class of examples of regular categories whose category of regular epimorphisms is regular as well. In particular, we find that Reg(Mon(A)) is regular for any semi-abelian category A. In this case Mon(A) is also protomodular and finitely complete, so that by the previous remark Mon(A) admits semi-direct products, a result which was already obtained in [18] . 4.5. Let A be a regular category. By an extension we simply mean a regular epimorphism in A; a double extension is, as recalled above, a commutative square of extensions such that the induced factorisation to the pullback is an extension as well. Let us write Ext(A) and Ext 2 (A) for the categories of extensions and of double extensions, respectively (where we have that Ext(A) = Reg(A), of course). One can then, inductively, define n-fold extensions for n ≥ 3, as those commutative squares of (n−1)-fold extensions such that the induced factorisation to the pullback (in the category Ext n−2 (A)) is an (n − 1)-fold extension. It was noted in [9] that every n-fold extension (for n ≥ 2) is an effective descent morphism in Ext n−1 (A), basically because pullbacks along n-fold extensions are computed degreewise in the exact category A.
As mentioned earlier, if A is an exact Mal'tsev category, then a regular epimorphism in Ext(A) = Reg(A) is the same as a double extension, by a result in [6] . In fact, it is shown in [6] that this property characterises the exact Mal'tsev categories A among the regular ones. Hence, we have, in A, that the effective descent morphisms are exactly the extensions, since A is exact, and, in Ext(A), exactly the double extensions, by Theorem 2.1 and the result in [6] . This might lead one to expect that the effective descent morphisms in Ext 2 (A) are exactly the three-fold extensions. However, this turns out not to be the case, in general, and happens only when the category A is arithmetical in the sense of [19] (for instance, when A is the variety of Boolean rings, or of Heyting algebras). Indeed, by Theorem 2.1, the effective descent morphisms in Ext 2 (A) are exactly the pushout squares of regular epimorphisms in Ext(A), so that, by the above mentioned result in [6] , we would have that Ext(A) is exact Mal'tsev which, by a result in [4] is the case if and only if A is an arithmetical category.
